We investigate a model where an impurity couples to both the spin and the flavor currents of the two channel conduction electrons. This model can be used as a prototype model of a magnetic impurity tunneling between two sites in a metal and of some heavy fermion systems where the ground state of the impurity has a fourfold degeneracy. The system is shown to flow to a doubly degenerate fermi-liquid fixed point with non-fermi liquid boundary operators. A spin-flavor coupling double tensor term is shown to drive the system to singlet fermi liquid fixed points with fermi liquid boundary operators.
The two channel Kondo model (2CK) has been proposed to explain the non-fermi liquid behavior observed in the conductance signals of the ballistic metal contacts and in some heavy fermion systems [1] . Vladár and Zawadowski [3] suggested that the model of a nonmagnetic heavy particle tunneling between two sites in a metal can be mapped to the 2CK in which the roles of channels and spins in the original formulation are interchanged.
Recently, Ref. [4] reinvestigated this mapping in details. If the heavy particle also carries spin, for example, a muon is injected into a metal, then the heavy particle also interacts with conduction electron gas in the channel(the real spin) sector. Simply speaking, the model of a magnetic heavy particle tunneling between two sites in a metal can be mapped to the two channel spin-flavor Kondo model (2CSFK) where the impurity, having both the spin and the flavor degree of freedoms, couples to both the spin and the flavor currents of the two channel conduction electrons. D. L. Cox [5] pointed out that when the ground state of the impurity is a orbital (non-magnetic) doublet, the resulting two channel quadrupolar Kondo effects may explain the non-fermi-liquid behaviors observed in some heavy fermion systems.
However, under some symmetry conditions, it is also possible that the impurity has a four fold degenerate ground state which can be described by quadrupole (non-magnetic) moment and magnetic moment (channel) [5] , [6] , the resulting 2CSFK maybe a appropriate model to describe the low temperature physics of such systems.
In order to understand the two experimental systems mentioned above, it is important to investigate the low temperature properties of the 2CSFK in details. Various kinds of methods like Bethe ansatz [7] , Conformal field theory (CFT) [8] , Numerical Renormalization Group(NRG) [9] , Abelian bosonization [10] etc. can be used to solve this model. For general quantum impurity model, Affleck and Ludwig (AL) [8] , using CFT, pointed out that the impurity spin completely disappears from the description of the low temperature fixed point and leave behind conformally invariant boundary conditions, they also classified all possible boundary operators near the fixed point according to the representation theory of the underlying conformal algebra at the fixed point. Emery and Kivelson (EK) [10] , using Abelian Bosonization, described explicitly the physical picture of the 2CK. The exact relation between these two approaches when k = 2, s = 1/2 has been established by Georges and Sengupta (GS) [11] , Maldacena and Ludwig (ML) [12] , and by the author [13] . Using NRG, Pang [6] investigated the 2CSFK ( both with and without double tensor term Eq.9 ).
In this paper, using the combination of CFT and Abelian Bosonization, we reinvestigate this model, but we get very different results than those of Pang. We find that the system flows to is shown to break the doublet and drive the system to the singlet ( g = 1 ) fermi liquid fixed points with phase shifts either π/4 or −π/4 (Fig 1) . All the irrelevant operators near these two singlet fermi liquid fixed points are shown to be fermi-liquid operators. We also study the relation between 2CSFK and SU(4) Coqblin-Schrieffer model and discuss the Quantum Critical(QC) regime controlled by the g = 2 fixed point [14] . The important lesson we learn from this model is that a fermi liquid fixed point does not guarantee fermi liquid boundary operator contents if thereexistsresidualdegeneracy. R. G. analysis of EK's solutions of this model explicitly demonstrate that at different fixed points the impurity completely disappears and leaves behind different kinds of boundary conditions. We consider the following Hamiltonian of the 2CSFK
are the spin and the flavor currents of conduction electrons respectively. S a , F a (a = x, y, z) are the impurity spin and flavor respectively, the impurity has g = 2 × 2 = 4 states. h s , h f are the uniform magnetic and flavor fields respectively. In most of this paper, we limit our discussions to SU(2) and O(2) symmetry in both spin and flavor sectors.
If λ a s = λ s , λ a f = λ f , h s = h f = 0, then the Hamiltonian Eq.1 has global SU s (2)×SU f (2)× U c (1) symmetry. If λ s = λ f , there is also a exchange ( Z 2 ) symmetry between spin and flavor sectors. The model also enjoys Particle-Hole (P-H ) symmetry :
and Time-Reversal (T) symmetry :
In the following, we closely follow the notations of Emery-Kivelson [10] [15] . Following the three standard steps in EK solution: step 1 : write Hamiltonian in terms of the chiral bosons introduced in [10] . step 2: make the canonical transformation
step 3: make the following fermionization:
The transformed Hamiltonian H ′ = H sf + H s + H f + δH can be written in terms of the Majorana fermions as: In order to identify the fixed point along the EK solvable line λ z′ s = 0, λ z′ f = 0 where χ s imp = χ f imp = 0, we write H sf in the Lagrangian form:
When performing the R. G. analysis of Eq. 4, we keep λ s and λ f fixed. By the standard momentum-shell method, it is easy to see the only stable fixed point is located at γ s = γ f = 0 where b s and a f lose their kinetic energys and become two Grassmann Lagrangian multipliers; they can be integrated out, therefore the impurity degree of freedoms totally disappear from the effective Hamiltonian and leave behind the boundary conditions [16] :
GS [11] has conjectured the first half of Eq.5 in the context of the 2CK, here we explicitly demonstrate the dynamical picture of this boundary condition. Using totally independent method, ML [12] also got the boundary conditions of the 2CK and discussed their implications. GS [11] , AL [18] also showed the canonical transformation is a boundary condition changing operator, extending their results to the present model, we get another set of boundary conditions:
Boundary conditions 5 and 6 can be expressed in terms of bosons:
Assuming no potential scattering, we also have:
Substituting the above two Eqs. into their standard definitions [10] , we find all the four Dirac fermions suffer the same phase shift δ = ± π 4 . it is well known that in the presence of P-H symmetry, the phase shift can only be 0 or π/2, however the ground state of this model is a doublet, one causes phase shift π 4 , another causes phase shift − π 4 , each breaks P-H symmetry and related to each other by P-H transformation [22] . The symmetry of this fix
. The finite size −l < x < l spectrum will be that of 4 free Dirac fermions with ± π 4 phase shift. The above results can also be reached from CFT. In order to get the finite size spectrum at the stable fixed point, we have to do two fusions simultaneously from the free electrons spectrum, one in the spin sector, another in the flavor sector. It can be shown explicitly that the resulting spectrum is indeed equivalent to the superposition of phase shift π 4 and phase shift − π 4 with the ground state energy 1 8 and the degeneracy 2 [22] , the excitation spectrums are equally spaced with ∆E = 1/4 [17] . In fact, we can get the same finite size spectrum at the stable fixed point by simultaneously twisting the three Majorana fermions in the spin sector and the three Majorana fermions in the flavor sector [17] . The finite size spectrum reached here is consistent with Pang's NRG results [6] , however Pang had rather different interpretation and got totally different results for the physical measurable quantities.
Exactly at this fixed point, the impurity degeneracy is g = √ 2 × √ 2 = 2, so S imp (T = 0) = log 2. One particle S matrix is S 1 = ±i, as in the 2CK, the residual resistivity is also half of the unitarity limit ρ(0) [13] shows that there are two dimension 3/2 operators T s 00 , T f 00 and four dimension 2 operators P s 1 , P s 2 ; P f 1 , P f 2 , in consistent with the above analysis. Although the ground state is a doublet, no allowed boundary operators will mix the doublet. Following the calculation of the resistivity by AL [20] , we find that the low temperature correction to the electron resistivity is controlled by the sub-leading irrelevant operators with dimension 2 in contrast to the 2CK where it is controlled by the leading irrelevant operators. At low temperature, the second order perturbation in these operators yield ρ(T ) − ρu 2 ∼ T 2 . However similar to the 2CK, the impurity susceptibility and specific heat are still controlled by the dimension 3/2
The potential scattering term can be added to the Hamiltonian 1, it breaks P-H symmetry and causes a continuous phase shift in the charge sector, the symmetry of the fixed line is
A spin-flavor coupling double tensor term can also be added:
where J ab (x) = 1
It can be shown that the double tensor term still respects global SU It is instructive to compare the model with the SU(N) Coqblin-Schrieffer(CS) model [23] H cs = dk 2π
where α, β = 1, · · · , N, with the constraint d † β d β = m, the summation over repeated indices is implied.
The phase shift at the fermi-liquid fixed point of the SU(N) CS model satisfies the
For even N, if m = N 2 , then δ = π 2 , the CS model has P-H symmetry.
In contrast to the claim by Pang [6] , this model is not equivalent to SU(4) Coqblin-Schrieffer(CS) Model for any values of parameters, because the two models have different global symmetry.
Following the three standard steps in EK solution, the double tensor term Eq.9 can be written as:
The first term in Eq.11 has scaling dimension 0, therefore is a relevant perturbation to the fixed point of the 2CSFK. In order to locate the stable fixed point, we define a artificial impurity spin L z = −i a s b f , therefore we can write Eq.11 as
Under P-H, L z → −L z , L z = ± 1 2 are exact eigenstates of Eq.12. It is easy to see λ 11 plays the role of the artificial magnetic field which couples to the artificial impurity spin L z . Depending on the sign of λ 11 , the impurity ground state will be either L z = 1 2 or L z = − 1 2 , the excited state can be projected out without affecting the low energy properties, the system flows to one of the two dual stable fixed points where a s (τ ) a s (0) ∼
. λ 13 and λ 31 in Eq.12 can be combined with λ s and λ f in Eq.3 respectively, therefore the boundary conditions of the two fixed points are still given by Eqs.7,8, namely both have O(4) × O(2) symmetry and are P-H conjugated (Fig 1) . The impurity spin and flavor correlation functions show typical fermi Without the double tensor term, the stable fixed point has g = 2, with the double tensor term, this g = 2 fixed point flows to one of the dual stable fixed points where g = 1, this is another non-trivial example of AL's g-theorem [21] . it also shows the nature prefer fermi liquid fixed points where g attains its smallest value g = 1.
Now we discuss the crossover between the different fixed points. For simplicity, assuming λ s = λ f = λ, the crossover scale from the non-interacting g = 4 fixed point to the g = 2 fixed point is given by the Kondo scale T K ∼ De −1/λ , the crossover scale from the g = 2 fixed point to the g = 1 fixed point is set by Λ ∼ Dλ 11 , The finite size scaling at finite temperature T leads to the universal scaling function for C imp ( similar scaling function holds for χ imp ) [14] C
where the scaling function f (x, y) take the asymptotic form 
In order to observe the mixing behaviors: C imp ∼ T log T, χ imp ∼ log T, ρ(T ) ∼ ρ(0) + T 2 , the system must be in the QC regime controlled by the g = 2 fixed point λ 11 < T < T K .
We The double tensor term will drive the system to the fixed points with the same symmetry, but reduce g = 2 to g = 1.
